We show that if M is a compact smooth manifold diffeomorphic to the total space of an orientable S 2 bundle over the torus T 2 , then its diffeomorphism group does not have the Jordan property, i.e., Diff(M ) contains a finite subgroup G n for any natural number n such that every abelian subgroup of G n has index at leat n. This gives a counterexample to an old conjecture of Ghys.
Introduction
By Jordan's classical theorem (see, e.g., [1] ), for any natural number n, there is a constant c n depending only on n, such that every finite subgroup of the group GL(n, C) has an abelian subgroup of index at most c n .
We say that a group G has the Jordan property if there is a constant c depending only on the group G, such that every finite subgroup of G has an abelian subgroup of index at most c.
Motivated by the Jordan theorem, E. Ghys conjectured that the diffeomorphism groups of compact smooth manifolds have the Jordan property. As noted in [2] , this conjecture was discussed in several talks of Ghys [3] , but appeared in print for the first time in [4] .
Known examples of non-compact manifolds [5] , [6] having diffeomorphism groups which do not possess the Jordan property show that the compactness assumption in the conjecture is essential.
The conjecture of Ghys was verified in several special cases. Zimmermann [6] proved the conjecture for compact 3-manifolds and in a series of papers [7] , [2] , [8] , [9] , Riera proved the conjecture for tori, acyclic manifolds, homology spheres, and manifolds with non-zero Euler characteristic.
The goal of this paper is to prove the following theorem. Theorem 1. M is diffeomorphic to T 2 × S 2 or to the total space of a nontrivial smooth orientable S 2 bundle over T 2 , then the diffeomorphism group of M does not have the Jordan property.
The proof uses some standard facts on smooth complex line bundles and sphere bundles over the torus, we summarize in section 2.
Then we apply ideas from algebraic geometry that appeared in Yu.G. Zarhin [10] , where the same ideas were used to prove that the group of birational automorphisms of the product of an elliptic curve and a projective line over an algebraically closed field of characteristic zero does not have the Jordan property. We collect the necessary information on holomorphic line bundles and prove the main theorem in section 3.
Smooth complex line bundles and sphere bundles over the torus
Let T 2 = R 2 /Z 2 be a 2-dimensional torus with a given complex structure, and fix a point o ∈ T 2 . As the universal covering space of T 2 is biholomorphically equivalent to C, we can identify T 2 with the factor space C/Γ, where Γ is a rank 2 lattice in C acting on C by translations. Addition in C induces a commutative group operation + on T 2 with neutral element o. For x ∈ T 2 , we shall denote by T x : T 2 → T 2 , y → x + y the translation by x.
Smooth complex line bundles ξ = (E π − → T 2 ) over T 2 are classified by the first Chern class c 1 (ξ) ∈ H 2 (T 2 , Z) ∼ = Z, or, equivalently, by the Chern number T 2 c 1 (ξ) ∈ Z, where the integral is computed using the orientation of T 2 induced by the complex structure. Denote by ξ n = (E n πn −→ T 2 ) the complex line bundle with Chern number n ∈ Z. It is known that ξ n ⊗ C ξ m ∼ = ξ n+m , in particular ξ n is the nth tensor power of ξ 1 for all n > 0, ξ 0 is the trivial bundle.
We can associate to any complex line bundle ξ a smooth complex projective line bundle P (ξ ⊕ ξ 0 ) with fibers diffeomorphic to CP 1 ∼ = S 2 . Denote by Y n the total space of the bundle P (ξ n ⊕ ξ 0 ). It is known that non-isomorphic sphere bundles over a surface can have diffeomorphic total spaces. According to Theorems 1 and 2 in [11] , the total spaces of two S 2 -bundles η 1 and η 2 over T 2 are diffeomorphic, if and only if the Stiefel-Whitney classes w 1 and w 2 of them satisfy the following conditions:
(ii) either w 1 (η 1 ) = w 1 (η 2 ) = 0 or none of w 1 (η 1 ) and w 1 (η 2 ) is 0.
As a corollary, the total spaces of all smooth sphere bundles over T 2 belong to one of four different diffeomorphism classes. Due to the presence of complex structures, the sphere bundles P (ξ n ⊕ ξ 0 ) are all orientable, so their first Stiefel-Whitney classes vanish. The second Stiefel-Whitney class w 2 (P (ξ n ⊕ξ 0 )) ∈ H 2 (T 2 , Z 2 ) ∼ = Z 2 is the mod 2 reduction of n, so we have the following 
Holomorphic structures on complex line bundles and their biholomorphic automorphism groups
Consider the complex line bundle ξ 1 . There are infinitely many holomorphic structures on ξ 1 compatible with the given complex structure on T 2 . Let us fix any of these holomorphic structures and equip ξ n with the holomorphic structure for which the isomorphisms ξ n ⊗ C ξ m ∼ = ξ m+n become holomorphic isomorphism.
Mumford [12] considered the subgroup
of T 2 , where ∼ = means the isomorphism of holomorphic line bundles. It is known that H(ξ n ) is finite if and only if ξ n is an ample line bundle, which is the case if and only if n > 0.
There is an extension of the group H(ξ n ) defined by
The kernel of the natural homomorphism G(ξ n ) → H(ξ n ), (x, φ) → x is C * so we have a short exact sequence
The key observation is that every holomorphic structure on the bundle ξ n induces a unique holomorphic structure on the associated projective line bundle P (ξ n ⊕ ξ 0 ), hence a complex structure on Y n . For any (x, φ) ∈ G(ξ n ), φ extends uniquely to a biholomorphic mapφ : Y n → Y n . The map (x, φ) →φ provides an embedding of the group G(ξ n ) into the diffeomorphism group of Y n . Combining this fact with Proposition 1, we obtain the following Proposition 2. The diffeomorphism group of Y n contains subgroups isomorphic to G(ξ m ) for every m > 0 satisfying m ≡ n mod 2.
The structure of the groups H(ξ n ) and G(ξ n ) was described in details by Mumford [12] . Recall those elements of the description that are relevant for the proof of our main result.
Theorem 2 (Mumford, §1 in [12] ). The group H(ξ n ) contains an (abelian) subgroup K such that H(ξ n ) is isomorphic to the group K ⊕K, whereK is the multiplicative group of characters K → S 1 ⊂ C * .
The group G(ξ n ) is isomorphic to the group defined on the set C * × (K ⊕K) with the multiplication rule
Theorem 3 (Mumford, Prop. 4 in §2 of [12] ). If k is a positive integer, then
In particular, the case n = 1 yields that H(ξ k ) has at least k 2 elements.
We obtain as a corollary that if H(ξ n ) has N elements, then N ≥ n 2 , N is a square number, K has √ N elements. Moreover, if Z √ N < C * denotes the cyclic subgroup of order √ N , then the subset
is a finite subgroup of G(ξ n ). Now we are ready to prove our main theorem.
Proof of Theorem 1. As it was pointed out Y.G. Zarhin [10] , the index of any abelian subgroup of G n is at least √ N ≥ n. By Proposition 1, M is diffeomorphic to Y m , where m is either 0 or 1. In both cases, Diff(M ) contains an infinite sequence of finite subgroups G n , (n > 0 and n ≡ m mod 2), having the property that any abelian subgroup of G n has index at least n. This proves the theorem.
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